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5. Concluding remarks

The investigation we have carried out demonstrates
that the multiple diffraction of X-ray spherical waves
(six-beam in particular) is a very complicated
phenomenon. More systematic studies, both theoreti-
cal and experimental, are necessary. The intensity
distribution on the topograph depends to a great
extent on the distance between the source and the
film. Since nonmonochromatic radiation has been
used in the experiments it is impossible to compare
the topographs in the forward-transmitted beam with
the experimental topographs. Nevertheless, there is
qualitative agreement. In order to reveal the fine
structure of the experimental topographs it is desir-
able to use monochromatic radiation.
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Abstract

The previously developed first-order modification of
two-beam diffraction near a third reciprocal-lattice
point [Juretschke (1984). Acta Cryst. A40, 379-389]
is extended to second order. To this order a modified
two-beam description is still retainable, and the nor-
mal modes persist in their original polarization, but
now with respect to two-beam asymptotes rotated and
with a Bragg angle altered relative to the original
two-beam case. Integrated intensities are evaluated
for modified strong and weak primary two-beam sym-
metric Bragg reflections, in the Bragg-Bragg and
Bragg-Laue configurations, and some implications of
the results are discussed.

1. Introduction

A compact analytical description of X-ray modes and
intensities in the neighborhood of multiple-interac-

0108-7673/86/060449-08$01.50

tion regions would have practical as well as theoreti-
cal uses. Among other things, it would allow the
evaluation of the influence of additional nearby
reflections on a particular reflection of interest
without having to invoke the computer machinery of
a full n-beam solution. Equally well, it would lead
to easy identification of particular features of diffrac-
tion, such as the traditional Aufhellung, or Umwegan-
regung, using relatively simple rules.

The first-order formulation of such a description
(Juretschke, 1982, 1984; Hgier & Marthinsen, 1983),
based on a systematic perturbation treatment of the
n-beam equations, has already been applied success-
fully to clarify some old problems (Juretschke &
Barnea, 1986; Juretschke & Wagenfeld, 1986), as well
as to predict additional results (Juretschke, 19864, b).
In the course of these investigations, however, a num-
ber of instances emerged in which this first-order
formulation led to null results, or where it applied in
only a very limited domain, so that the dominant

© 1986 International Union of Crystallography



450

asymptotic effects were expected to be of second or
higher order.

This paper presents a systematic formulation of
such second-order asymptotic modifications of a two-
beam case. Surprisingly, it can continue to be cast in
the same formalism as the first-order effects, at least
in the formulation so far that is restricted to three-
beam cases. In contrast to first-order theory, where
an n-beam interaction is the sum of n —2 three-beam
cases, second-order effects introduce additional
crosslinks for n > 3 that obscure the basic systematics
of the solution. Such higher-n cases, even though they
probably follow the same pattern as n = 3, will require
a separate study.

The essential results of the first-order treatment are
that in the presence of the perturbing influence of a
reciprocal-lattice point L approaching the Ewald
sphere, a two-beam case OH, with structure factor
Fy, continues to be describable in the immediate
neighborhood of the OH reflection as a two-beam
case, but with a modified structure factor Fy; and
centered around a shifted Lorentz point. The o and
7 polarizations remain as normal modes, but the
modifications of the two modes are not the same. As
a result of this particular form of the perturbation,
the full arsenal of the existing two-beam literature
can be adapted directly to describe the influence of
an approaching L merely by inserting the appropriate
modifications mentioned above.

The underlying rationale of the method parallels
that of the Bethe treatment of dynamic potentials in
electron diffraction (Bethe, 1928) using second-order
perturbation theory. As adapted to X-rays, such a
perturbation theory becomes a series solution in
powers of 1/¢; where ¢ is the distance of L from
the Ewald sphere (excitation error). The existing first-
order treatment contains all terms of order 1/£,. It
also retains some terms of order (1/£,)? in order to
‘complete squares’ and thus maintain the compact-
ness of the solution. The second-order formulation
presented here includes all terms of order (1/&.)%
but, following the same spirit of elegance, will also
retain some contributions of higher order.

Contrary to some initial expectations, it has turned
out that the same conceptual picture of the first-order
solution carries over to the next order: the problem
is still reducible to a modified two-beam case, with
the normal modes retaining their original polariz-
ations. The new modifications add further corrections
to Fy., and to the shift of the Lorentz points. In
addition, they introduce a rotation in the two-beam
asymptotes, as well as a change in the Bragg angle.
Once these modifications have been identified, the
same adaptation of the existing two-beam literature
utilized in first order can then be extended to include
all second-order effects. In retrospect, these qualita-
tively new modifications arising in second order are
not unexpected, since they begin to describe the
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transition from the two-beam Lorentz point to the
correct three-beam Lorentz point in increasing
detail.

Once known, the second-order contributions will
also shed new light on the restrictions imposed on a
converging perturbation series, and perhaps on iden-
tifying the proper mode combinations required to
deal with degeneracies.

Various higher-order corrections to two-beam
diffraction have played an important role in high-
energy electron diffraction for many years [e.g. see
the summary in Herzberg (1971)], and have algo been
developed systematically based on Bethe’s approach
(Ichikawa & Hayakawa, 1977). Apart from the addi-
tional complexities of vector rather than scalar fields,
the treatment presented here emphasizes those
aspects of dynamical solutions important for X-rays,
in particular modifications of structure factors as well
as of absorption, and as much as possible within the
familiar conceptual framework of traditional two-
beam theory.

The exposition below relies heavily on the formula-
tion and notation introduced by Juretschke (1984),
most of which will not be reproduced here. For
brevity, that paper will from now on be designated
by (I).

2. Second-order solution — modes
and dispersion relation

The second-order solution builds on the first-order
solution of (I) by a systematic inclusion of all terms
of order (1/¢,)* not already included - for the sake
of compactness - in the first-order results. For con-
venient reference, we reproduce here the exact formu-
lation of the three-beam problem that led to the
modified two-beam result in first order.

The field equations for the OH fields E§, EY,
Eg, Ey; are, from (1-17),

265ES+ FEES:
+3(F/ é)ULF,E] - II,F,_yE)=0,
W E§+285,ES,
+3(Fz_a/ &) ILF,E] - ILF,_,E%) =0,
26 EJ+ FHET @
+3(Fe/ &)(ILFLE{+ILF,_4E%) =0,
T El+28RET,
—¥(Fi_a/&)LFLE§+ILF,_4E%)=0.

The reduced variables Eg , 5‘,’,; g’g , E’,’, appearing in (1)
are related to the actual excitation errors &, &y in
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the plane of incidence by
€5 = &/ kI — I, F Fr/ (4£,),
g‘;i = §H/kr _HnFL—HFE—ﬁ/(4gL),
€5 = &/ kI - ILF Fr/ (4€0),
£f = £/ kT —ILF_yFr_g/(48,),

with 1/ fL =kI'/ & as the perturbation parameter.
The effective structure factors in (1) are given by
[including correction of a printing error in (I-16b)]:

fi=Fy—1I, FLFE—E_!/ (2gL),
Fi=PFy _H6FLFL—-—FI/(25L)a

and the coefficients IT,,...,II in (1) to (3) are
geometrical factors for properly resolving the vector
fields defined in (I-15), while P = cos 205.

The first-order solutions of (I) are obtained by
neglecting the final set of brackets in each of the four
equations (1). In second order, these brackets have
to be included, but in the nature of corrections, which
will allow certain simplifications.

In general, we expect (1) to lead, at a given angle
of incidence, to distinct first-order solutions (£3, £7)
and (&7, £5). We can then relate the o and 7 fields
of a particular solution by explicitly expressing the
concluding brackets in (1) in terms of the variables
of that solution. Thus, for the o solution we solve
the last two equations of (1) for EJ and EF, and
then form their combination appropriate to the con-
cluding brackets in the first two lines of (1). This yields

(1/2&)(ILF.E] - I,F,_yE7)
=—(2/ &) (FLE{+ F.-nE%)
x (4785 — FR Fao)]™
X[II3F,_yFr_ a3+ I3F Fréy
+3ILIL(F Fr_ g Ffr+ FrF,_yFiyp)].

()

3)

(4a)

Here_the (EZ)’, g’g) are those related to the solution
(&3, €5) via (2). Similarly, for the w-solution we
obtain

(1/2E)(FLES+ FL-wE%)
=(-2/E)I(ILF.E] —I,F,_yE})
X (4€5E5 — Fa Fap) ™
X[Fy-nFr-aég+ FLFcE5
—%(FLFE—I?F T?E"‘ FEFL—HF i'n.)] . (4b)

Since the right-hand sides of (4a) and (4b) are
proportional to 1/£%, they were properly negligible
in the first-order solution. Now they must be retained,
but being already explicitly of second order, the
individual contributions within them can be used, if
necessary, to lowest order. To this order, for example,
for a particular o-like or wr-like solution &7 and &g
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are interchangeable. Hence, since (4a) applies to a
o-like solution, we can write the denominator as

485 En ~ FiuFhr~Fin Far— Fin Fiz
=D/2

and correspondingly in (4b), which applies to a 7r-like
solution, the denominator can be approximated by

48385~ Fg Fr~F7 Fhir— F Far
=-D/2.

The same kind of interchange of &s can be applied
to terms in the numerators of (4), and we can also
use, where appropriate, relations, such as in (4a),

EnEfi=—3FmE] or & ES=—3FacEY.

The object of these manipulations is to rewrite the
first two and the last two lines of (1) separately in a
two-beam-like form. Indeed, this is achieved by
introducing the modified field modes

E§=E§—I3(F,-pFr_g)(FgF,_4)E%/(2DE)
Ef=Eg— IXF.Fy)(F.Fr_q)E/(2DE)
Ey=EJ—ILII,(F,_uyFi_g)

X (FgFy_y)ET/(2DE})
Ef = ER— ILIT,(F Fr)(F.Fr-g)EJ/ (2DE3).

(5a)

(5b)

(6)

In terms of these fields E, and using the simplifications
discussed above, the four equations (1) decouple
completely, to second order:

{2£5[1— (F F¢/2DE})(IT3F, -y Fr_g + II3F, Fy)]
+[II3(F.Fp)*/ DE )& - &%)
+(F F/2D&)(II3f° - ILILf")} E¢
+F3EgG =0,

Fo B +{264[1— (FL-uFr_a/2DE2)

X (H.%FL—HFE—F_I + HgFLFE)]
+[IT3(Fo-uFr-a)?/ DELN(ES - £5)
+(Fp-yFr_a/2DE) T3 f° — ILILf")}E% =0,

{2£3[1+ (II3F F/2DE)(F Fr+ Fr-p Fr_g)]
—[IT3(F.Fy)*/ DEL)(ES - €7)
—[(F Fp)/2DEYI3f" - ILIL "} E
+FEEq =0,

FrEg+ {2601+ (IT3F .y Fr_n/2DE2)
X(F Fg+ F_yFr_g)] _
~[IX(F,-uFr-a)*/ DENEL- &)
—[(Fi-uFr-g)/2DE (I3 f° — ILIL f)}
X Ef=0.

(7a)

(7b)
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The two structure-factor-like coefficients in (7) are
Fgy = F3y —(ILIL,/2DE) FLFr_af™,
Ffy=Ffy+(ILIT,/2DE]) FoFr_af”,

where, in both (7) and (8), we have introduced the
abbreviations

= FiFy, _yFiy + FiFi_aFar
f" = FI:FL-HF"ITIL'*- FLFI:—FIFEE

While this procedure has transformed the four
equations of (1) into two sets of two, these still lack
the familiar two-beam form. However, once it is rec-
ognized how this form is modified if the two-beam
equations are written with respect to the wrong origin,
a rotated coordinate system, and the wrong Bragg
angle, a further simplification is possible.

For example, Fig. 1 shows a set of two-beam disper-
sion surface asymptotes for Bragg angle 65 and cross-
ing at the Lorentz point at the origin (k,, k,) = (0, 0),
so that a tiepoint is defined by &, éx. Let the Lorentz
point be shifted to the location (4,, 4,), the coordi-
nate system be rotated counterclockwise by an
amount 3(x,— x:) and the Bragg angle be altered by
3(x2+x1), as indicated in Fig. 1. If all shifts are small,
then to first order in the shifts the same tiepoint is
described by excitation errors &), &; relative to the
new asymptotes that are related to the original set

(&, €u) by
&= &(1—tan Ogx,) + (x1/sin 205) (& — £n)
+cos 85(4A, —cot 654,)

&y = £u(1—tan Opx,) + (xo/sin 205)(éy — &)
+cos 0g(4, +cot 654,).

(8)

®

(10)

Kk, kg
v
\Yq \ /
N/
el N
] \\\\\
! \\
o
[o] H

Fig. 1. Two-beam asymptotes 0, H through the Lorentz point at
(k., k.)=(0,0), and the corresponding asymptotes 0, H dis-
placed to the Lorentz point (4., 4.), and rotated respectively
by angles x,, x» from the original Bragg angle 6. 0, H refer to
a new coordinate system k,, k, rotated counterclockwise by
Yx2—x1), and a new Bragg angle shifted by 3(x,+ x,).
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By inspection, (7a,b) have coefficients of nearly
this form and they can be brought into this form
exactly, to second order, by multiplying both
equations by the appropriate factor that establishes
the proper relation between the first and second cor-
rection terms in (10). This results in the following
shifts:

X1) = £(sin 265/4DE3)
X [Hg(FL—HFE—FI)Z_

2x2—
IT3(F.Fr)?),
(11a)
$(x2+ x1) = +(sin 205/4DE?)
X [IT3(Fp—n Fr-g)*+ I5(FLFr)’],
A, =+(1/8 cos 65DE})
X[(II3Fy -y Fr_a+II3F FD)f°
—ILII(F,_pFrg+ FLFDf™],
(11b)
A, =+(tan 65/8 cos 05DE2)
X [(II3F, -y Fr-p— I3F FD)f”
—ILI(F,_pFr-a— FLFOSf™],

with the upper and lower signs applying to the o-
and m-like solutions, respectively.

Using (11) in (10), the explicit excitation errors
with respect to the new coordinate system are, for
o-like modes,

& = &1 —sin? 65113 F, )/ D]
+[IT3(F.F)*/2DE (& - &)
+(FLF/4DE)(IT3f° - ILIL ™)

& = Enl1—sin® 05IT3(F,_ i Fr_5)*/ DE]
+[I3(F-n Fr_g)?/2DELN(£5 - £5)
+(Fy_yFr_a/4DE)IT3f7 - ILIT f™)

(12)

and the corresponding #-like coordinates follow by
replacing D by —D.

In terms of (12) we finally obtain the fully reduced
two-beam equations

2ESES+ F4rES =0

FaLlES+2

(13)
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where the modified structure factors are
Fo={1+(P/4DE})IT3(F,_yFi_p)’
+ II5(FLFr)*]
+[(IT3+I13)/ 4D )(FLFr)(F-p Fr_m)}
X[Ff—(ILIL,/2DE,) FLFr_af™),
Fro={1—(P/4D§})
X [Hg(FL—'HFI:—ﬁ)2+ H%(FLFi)2]
—[(I13+ 13)/ADE(FLF)(F-n Fr-n)}
X [Fi+ (ILITL,/2DE}) FLFr_af”).

To obtain solutions of (13) we must also establish
the relation between &, and &, imposed by the boun-
dary conditions that all waves vary exponentially in
amplitude along the surface normal. For the sym-
metric Bragg case, with which we will be concerned
explicitly, this condition was expressed in (I-5), and
the same equation must continue to hold because the
actual surface has not been altered. For convenience
it is repeated here:

Lot Eq=8=kI[—(A46/T)sin20p+iFg]. (15)

Applying the consecutive transformations £ > 5 - ¢
(15) takes the form, using the new (reduced) excita-
tion errors,

{1+[(1+ P)/2DE N I5(FL_uFr-n)
_Hg(FLFI:)Z]}EO-*'gH =5 (16)
where 5 is the new (reduced) relation to the angular

scale, and includes a shift of the reference angle,
given by

§=(8/kI)[1+(P/2DE) I F_nFr-a)
—(IT3/2D&)(F. F)*]
—(I1,/4&,)(F.Fr+ Fy_pyFr_g)
+(1/4DEDIT3F,_y Fr_g+ I3 F Fo)f”
—H2H3(FLFIZ+ FL—HFIZ—FI)f"]- (17)

As they stand, (16) and (17) apply to the o-like
solutions. For the m-like solutions we let D change
sign everywhere, and in addition replace the first-
order correction in (17) by

- —(1/4E)LF Fp+IsF,_yFr_gl.

The form of (16) labels it as describing an unsym-
metric Bragg reflection. This is to be expected, since
the coordinate system that diagonalizes (10) is rotated
with respect to the actual surface. In fact, the rotation
expressed in (16) is precisely that given by (11a).

These rotations, and the shifts of the Lorentz point
contained in (17), as ‘well as the change in Bragg
angle in (14a), are all indicative of the transition of
the Lorentz point from the two-beam to the three-

(14)
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beam case, which now includes not only translations
but also rotations towards the three-beam symmetry.
It is important to note that in this process (17) also
includes a change of scale between 8 and the angular
deviation A6.

3. Second-order solution — fields and intensities

The successful diagonalization of (13) indicates that
even in second order the modes remain characterized
by o or 7 polarization. Therefore we expect that the
modes (Eg, Ef) and (EJ, EF) are separately exci-
table. Via (1-12) they also give rise to accompanying
L fields, as given below:

Ef=—(P./2&)(F.+ FL_yE%/ E{)ES+ (Po/2E1)
X(Fo—F,_yEf/EG)Eg

7=(P./2&)(FL+ FL_yE%/ES)ES—(1/2£1)

X[(Po, — Pox;) FL+ (Py,+ Py, )F,_nwER/EF1ES.

(18)

Since to second order such L fields must also be
included in the boundary conditions at the surface,
the Bragg-Bragg case (6,>0) and the Bragg-Laue
case (0, <0) require separate discussion.

In the Bragg-Bragg configuration, the L fields give
rise to beams leaving the crystal in the K; direction.
No additional fields are needed to satisfy any boun-
dary condition. In fact, of the three modes existing
at any given angle of incidence, or 8, for each polariz-
ation, only one, namely that following from (13), is
a mode characterized by normal absorption. The
other two modes diverge towards the opposite surface
of the crystal and are not excited.

In the Bragg-Laue configuration, however, the L
fields (18) move into the crystal, and since no such
fields exist above the surface, they must be accom-
panied by another L field in order that the net L fields
vanish at the interface. Here, indeed, there exists
another set of predominantly L fields, designated by
E{(L), EZ(L), at each polarization, that shows nor-
mal absorption. In turn, these fields give rise to 0 and
H fields. In the same approximation of large &, the
latter can be derived from (I-12), and are

E§(L)=—[Fg/2é(L)I[P.E{(L) - PEZ(L)],

E%(L)=[Fr_a/2&(L)I[P.EZ(L) - P.EZ(L)],

E§(L)=—[Fr/2&(L)[-PoxE5(L)
+ (P, — Pos) EZ(L)],

7(L) =[Fr_n/2&( L)) P EZ(L)
+(Py,+ Po;) EZ(L)],

(19)

with .
§~0(L) == _EH(L) = (sin p/sin 0L)§~L-



454

For each exciting field E§ or EJ, E{(L) and E7(L)
can be chosen such as to cancel the fields (18) at the
surface. According to (19), this then gives rise to
additional field contributions in the K, and K,; direc-
tions. With these corrections taken into account, the
ratios of the net reflected to incident fields become,
to order 1/&3,

E % (net)/ E§ (inc)
=[1+ (11, sin 8,/4¢2 sin 6)
X (F Fc+ F_uFr-a)1E%/E
+(I1, sin 6,/4&2 sin 65)
X[F Fr_a+FcF_u(E%/E§)?,
E7 (net)/ E§ (inc)
=[1+(sin 0,/4£2 sin 65)
X (II,F Fr+ HSFL—HFE—FI)]E—Z/E—Z;
+ (I sin 6,/4£2 sin 65)
X[F Fr_g+ FiF_n(ER/ES)).

(20)

The relative reflected intensities follow directly from
(20). Since, in any integration, contributions propor-
tional to odd powers of (Ey/E,) average more or
less to zero, we need only write down the terms that
do contribute. Using (20), the reflected intensity in
the Bragg-Laue case becomes

|E% (net)/ E§ (inc)f?
=[1+1I1, sin 6,/2£2 sin ;)
xRe (FLFr+ Fy_pFr_g)|Eg/ ESP
|ET; (net)/ EF (inc)[?
=[1+sin 6,/2&2 sin ;)
X Re (II,F F;+ HsFL—HFE—H)]lE_Z/Eglz-

(21)

Since there are no such corrections in the Bragg-
Bragg configuration, in that case (21) applies without
a prefactor. For L beams parallel to the surface, ; =0,
and the prefactor in (21) becomes unity, so that there
is a continuous transition between the Bragg-Laue
and Bragg-Bragg cases.

It must also be noted that if the starting Bragg
reflection OH is not symmetric, then (15) is modified,
and changes such as in (16) and (17) must be superim-
posed on the unsymmetric starting configuration.
Similarly, the Bragg-Bragg to Bragg-Laue transition
will then not necessarily take place when 6, =0. In
such a situation, though, the boundary conditions
and all results dependent on them include the
azimuthal angle explicitly, and its changes may also
have to be taken into account in other terms besides

&1
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4. Integrated intensities — strong and weak symmetric
Bragg reflections

For many purposes, such as the description of Ren-
ninger scans, we are interested in the integrated
intensity of an OH reflection and its modification by
the perturbation of L. This modification is generally
expected to differ for o and # polarizations, for the
Bragg-Bragg and the Bragg-Laue configurations, and
for strong and weak two-beam reflections. We obtain
here these various results for a reflection that in its
unperturbed state is a symmetric Bragg reflection, in
consonance with the boundary conditions in (15)
through (17).
All integrated intensities are of the form

JILEx (net)/ E, (inc)][d(46),

and here they can all be brought into a product of
two prefactors and an integral:

(1+A/8)(1-B/ &)
X[ |[Ex (net)/ E, (inc)1Pd(49), (22)

where A measures the Bragg-Laue correction, as in
(21), and B takes into account the change of scale
d(A40)/(A6) that follows from (17),

B=+Re{(1/2D)[PII3(F,_yF;_g)*— II3(F.F)*1}.
(23)

The remaining integral in (22) has the standard form

of atwo-beam integrated intensity for an unsymmetric

Bragg case, which is known for both strong and weak

reflections (Afanas’ev & Perstnev, 1969).

A. Strong reflections

Here the standard integrated intensity is
(8I'/3 sin 293){|7H/‘)’o|1/2|FH|

=@Ba/D(yo+|vuD/2vlFsl}  (24)

with vy,, vy the direction cosines between K, and Ky
and the inner surface normal.

For the unsymmetric case described by Fig. 1 and
(11), the angular factors in (24) are (primes stand for
real parts)

vo=(1+ x} cot 83)sin 65,
yu =—(1+ x5 cot 05) sin 85, (25)
sin 2(05+ A605) =[1+(x1+ x3) cot 265] sin 26
so that (24) becomes
(8T°/3sin265)[1+3(x5— x1) cot 05 — (x5 + x}) cot265]
x|Ful|[1-@3a/4)|Fi/ Fill. (26)

By expressing the prefactor in (26) in terms of (11a),
and combining with the second prefactor of (22), we
finally obtain for the Bragg-Bragg case (ie. A=0),
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the integrated intensities for the o and 7 modes:
I1%.(BB) = (8T'/3 sin 265) Re {1-[(3P—1)/4Dé%]
X [II}(F F)*+ I3(F-uFr-g)’1}
X |Feull1 =B a/4)|F5"/ F] (27)
7.(BB) = (8I'/3sin265) Re{1 +[(3P—1)/4DE2]
x [II5(F Fg)*+ H%(FL—HFI:—I-I)z]}
X|Fful[1-(3w/4)|PF5"/ FFL|].

The structure factors F i, and F7y, appearing in (27)
are defined in (14), and Fj§ is contained in the shift,
to second order, in (17), in analogy with the appear-
ance of Fg in (15).

The corresponding Bragg-Laue expressions are
obtained, utilizing (22), by adding the prefactor con-
taining A. With the two A’s given in (21), we obtain

(BL) =[1+ (II, sin 6,/2 sin 65¢2)

xRe (F Fr+ F_yFr g)]17.(BB)
7.(BL) =[1+ (sin 6,/2 sin 652)

xRe (II,F Fr+IIsF;_y Fr_g)1If(BB).

(28)

B. Weak reflections

Here the standard integrated intensity is, to lowest
order,

(/4 sin 205)[2 val/ (vo+ |y DI P/ |FL.  (29)

Applying the same procedure as above to expand the
angular factors, we find exactly the same prefactors
as in (A). Hence we obtain immediately the
modification of the weak reflection to second order
for Bragg-Bragg:

%.(BB) = (nI'/4sin 265){1—[(3P —1)/4D§3]
X [I3(F F)*+ I3(Fp-p Fr_g)"1}
x|Ful’/|F5"|
(30)
7.(BB) = (nI/4sin265) Re {1+[(3P—1)/4D§3]
X [I5(F Fr)*+ I3(Fy-x Fr_g)*1}
x|Fr/\F3".
The Bragg-Laue cases follow from (28).

and

5. Discussion

The outcome of all the consecutive mathematical
manipulations in the above sections is a relatively
simple conceptual understanding as to what happens
in second order, and a set of compact expressions,
(27) to (30), for describing the second-order correc-
tions to the integrated intensity of a two-beam sym-
metric Bragg reflection.
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Both are the result of systematically retaining also
many higher-order terms in order to preserve the
general two-beam formalism. This is accompanied,
however, with considerable interior complexity, as
exemplified in (14) for the effective structure factors.
The usefulness of the results remains to be tested in
particular instances. Detailed application of the
theory to pertinent instances identified in recently
completed studies of first-order effects (Juretschke,
19864, b) will be presented shortly.

In addition, however, there remain problems of
interpretation of some of these second-order results.
In particular, as defined in (11), the rotations of
the asymptotes and the change in Bragg angle are
actually complex, and, similarly, (17) predicts that
the effective average absorption coefficient Fj de-
pends on the angle of incidence A6. Hence to the
extent that the (usually small) imaginary contri-
butions to these transformations are included, the
representation of all results in terms of a modi-
fied two-beam framework, in which the effective
average absorption coefficient is expected to be
constant, begins to be breached. This variation of
F§ with A0 has been ignored in the results given
in § 4, since it is outside the standard two-beam
treatments.

It is worth noting that the second-order formulation
presented here is built entirely on a perturbation
solution of (1). It can therefore also be considered
to be a first-order correction to the first-order theory,
and is thus in the nature of a Wigner rather than a
Schrodinger perturbation development. Using this
point of view, it becomes clear from (5), for example,
that the solution will not converge when the first-order
structure factors F7;; and Ffj; become alike, so that
it cannot be used to resolve the question of how the
crossings of the dispersion surface edges in Fig. 7 of
(I) are changed in a more exact treatment. At the
same time, since it pinpoints the difficulty, this formu-
lation may serve as a starting point for removing the
degeneracy of the solutions of that figure. By the same
argument, D in (5) will always be large in cases of
anomalous asymmetry (Juretschke, 1986a) where
Fi increases and FJ; decreases as L is neared, so
that here the second-order treatment should be valid
for exploring beyond the limits of first-order
modifications.

Finally, one may also have to be concerned about
the extent to which corrections of the size included
here will be augmented by corrections of similar size
arising from retaining some dynamical contributions
to &.. Since this is clearly outside any two-beam
framework, it would require separate study. In the
same spirit, it would also be worthwhile to try to
connect the results obtained here with the much more
intricate exact monumental three-beam treatment by
Ewald & Héno (1968), whose consequences have
remained largely unexplored.
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Abstract

A scanning X-ray interferometer system [Hart & Sid-
dons (1981). Proc. R. Soc. London Ser. A, 376, 465-
482] has been rebuilt for operation at the SERC
Daresbury Synchrotron Radiation Source (SRS). The
SRS permits an increase in energy resolution by one
decade and simultaneously an intensity gain of one
thousand times, though in practice the solid-state
detector employed limited the peak intensity utilized
so that experiments which hitherto demanded one
month of counting time are now performed at higher
spectral resolution in 2-4 h. Absolute measurements
are reported of f' and f” for the K edges of most
elements between **Se and **Fe and for L edges of
Au and "*W over energy ranges of about +2keV
near absorption edges and scans with better than 1 eV
energy resolution of X-ray absorption near edge struc-
ture (XANES) and extended X-ray absorption fine
structure (EXAFS) spectra near the edges. Over wide
energy ranges the results are compared with the most
recent calculations of Cromer & Liberman [Acta

0108-7673/86/060456-09$01.50

Cryst. (1981), A37, 267-268], which are now easily
available to workers in the field.

Introduction

The two-beam scanning X-ray interferometer system
which we described earlier (Hart & Siddons 1981)
has now been rebuilt and is operating routinely at
the Science and Engineering Research Council’s Syn-
chrotron Radiation Source (SRS) at Daresbury. A
few minor changes were required to match the charac-
teristics of the SRS; the interferometer now disperses
radiation in the vertical plane. The mechanical
response of the scanning system has been improved
and the sequencing of the experiment has been altered
to match the characteristics of the more intense
source.

The interferometry experiment window on line 7
is 53 m from the effective X-ray source which is 12 mm
wide and 300 um high (Hart & Siddons 1982a). With
a slit height of 300 wm, the angular divergence of
radiation on the interferometer is about 2" which
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